On the motivic class of an algebraic group by Scavia, Federico
ar
X
iv
:1
80
8.
00
05
6v
1 
 [m
ath
.A
G]
  3
1 J
ul 
20
18
ON THE MOTIVIC CLASS OF AN ALGEBRAIC GROUP
FEDERICO SCAVIA
Abstract. We give an example of a torus G over a finitely generated field
extension F of Q whose classifying stack BG is stably rational and such that
{BG} 6= {G}−1 in the Grothendieck ring of algebraic stacks over F . We also
give an example of a finite e´tale group scheme A such that BA is stably rational
and {BA} 6= 1.
1. Introduction
Let F be a field. The Grothendieck ring of algebraic stacks K0(StacksF ) was
introduced by Ekedahl in [6], following up on earlier works [1], [9], [19]. It is a
variant of the Grothendieck ring of varieties K0(VarF ). By definition, K0(StacksF )
is generated as an abelian group by the equivalence classes {X} of all algebraic
stacks X of finite type over F with affine stabilizers. These classes are subject to
the scissor relations {X} = {Y } + {X \ Y } for every closed substack Y ⊆ X , and
the relations {E} = {An ×X} for every vector bundle E of rank n over X . The
product is defined by {X} · {Y } := {X × Y }, and extended by linearity.
In particular, given a linear algebraic group G over F , we may consider the class
{BG} of its classifying stack in K0(StacksF ). The problem of computing {BG}
appears to be related to the problem of the stable rationality of BG, although
no direct implications are known. Recall that BG is stably rational if for one
(equivalently, every) generically free representation V of G, the rational quotient
V/G is stably rational. In other words, BG is stably rational when the Noether
problem for stable rationality has a positive solution for G, in the sense of [8, §3].
The case of a finite (constant) group G was considered in [5]: it frequently happens
that {BG} = 1 (notably for the symmetric groups, see [5, Theorem 4.3]), although
there are examples of finite groups G for which {BG} 6= 1; see [5, Corollary 5.2,
Corollary 5.8]. The Ekedahl invariants, a new kind of invariant of G defined in
[5] in terms of the class {BG} in K0(StacksF ), are the essential ingredient in the
proof that {BG} 6= 1, and have been further studied in [12], [13] and [14]. So far,
all the known examples of finite group schemes G for which {BG} 6= 1 are also
counterexamples to the Noether problem. This suggests the following question.
Question 1.1. (cf. [5, §6]) Is it true that, for a finite group scheme G, the following
two conditions are equivalent?
• BG is stably rational;
• {BG} = 1 in K0(StacksF ).
Now let G be a connected linear algebraic group. Recall that G is special if every
G-torsor is Zariski-locally trivial. For example, GLn, SLn and Spn are special; see
[3]. It was shown by Ekedahl that if P → S is a torsor under the special group
G, then {P} = {G}{S}. This is immediate if S is a scheme, but less obvious
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when S is a stack; see [2, Corollary 2.4]. Applying this to the universal G-torsor
SpecF → BG, one obtains {BG}{G} = 1.
The equality {BG} = {G}−1 appears to be the analogue for connected groups of
the relation {BG} = 1 for finite group schemes. In [2], these equalities are referred
to as expected class formulas, and there is a sense in which they are ”almost” true.
In [6, §2] Ekedahl defines a generalized Euler characteristic
χc : K0(StacksF )→ K0(CohF )
taking values in the Grothendieck ring K0(CohF ) of Galois representations over
F . If G is a finite group scheme, the equality χc({BG}) = 1 always holds [5,
Proposition 3.1]. On the other hand, if G is connected, then χc({BG}{G}) = 1;
see [2, §2.2]. Since {BG} 6= 1 for some finite groups G, the following question
naturally arises.
Question 1.2. Let F be a field. Is it true that
(1.3) {BG} = {G}−1
in K0(StacksF ) for every connected group G?
Computations for non-special G have been carried out for PGL2 or PGL3 in [2],
for SOn and n odd in [4], for SOn and n even or On for any n in [18], and for
Spin7, Spin8 and G2 in [15]. In each of these cases, (1.3) was found to be true. The
expectation was that, for a connected linear algebraic group G over a field F of
characteristic 0, the following question should have an affirmative answer. If F is
an algebraically closed field, then there are no examples of connected G where BG
is known not to be stably rational. If F is not assumed to be algebraically closed,
then such examples exist. The following variant of Question 1.1 seems natural in
this context.
Question 1.4. (cf. [18, §1] and [15, Remark 4.1]) Is it true that, for a connected
linear algebraic group G, the following two conditions are equivalent?
• BG is stably rational;
• {BG} = {G}−1 in K0(StacksF ).
Our first result gives a negative answer to Question 1.2 and Question 1.4.
Theorem 1.5. Let F be a finitely genereated field extension of Q. There exists a
torus G of rank 3 such that
(a) BG is stably rational, and
(b) {BG} 6= {G}−1 in K0(StacksF ).
It follows from Theorem 1.5 that counterexamples H to (1.3) exist in any di-
mension dimH ≥ 3, consider for example H := G×Grm for r ≥ 0.
Our second result gives a negative answer to Question 1.1.
Theorem 1.6. Let F be a finitely genereated field extension of Q. There exists a
finite (e´tale) commutative group scheme A such that
(a) BA is stably rational, and
(b) {BA} 6= 1 in K0(StacksF ).
Questions 1.1, 1.2 and 1.4 remain open in the case, where the base field F is
assumed to be algebraically closed. Our arguments do not shed any new light in
this setting.
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The remainder of this paper is structured as follows. In Section 2 we review
well known computations of motivic classes for non-split tori. In Section 3 we
give explicit formulas for the motivic classes of G and BG. In Section 4 we prove
Theorem 1.5. In fact, we will present two proofs; the first one is self-contained, and
the second makes use of the results of [17] on the λ-ring structure of K0(VarF ).
Finally, in Section 5 we prove Theorem 1.6.
2. Preliminaries
We will denote by F a field of charF 6= 2. We will write L for the class {A1} in
K0(VarF ) or K0(StacksF ). If E is an e´tale algebra over F , we will denote by {E}
the class {SpecE} in K0(VarF ) or K0(StacksF ). We will write C2 for the cyclic
group of two elements, and Sn for the symmetric group on n symbols.
The following observations will be repeatedly used during the proof of Theo-
rem 1.5.
Lemma 2.1. Let X be a scheme over F , E an e´tale algebra of degree n over F ,
α ∈ H1(F, Sn) the class corresponding to E/F .
(a) Let Sn act on the disjoint union ∐ni=1X by permuting the n copies of X.
Then
α
(∐ni=1X) ∼= XE .
(b) Let Sn act on X
n by permuting the n factors. Then
α
(Xn) ∼= RE/F (X).
Proof. (a) Let Y := ∐ni=1X , and let Sn act on Y by permuting the copies of X . By
definition,
αY = (Y × SpecE)/Sn ∼= (Y ×X XE)/Sn,
where Sn acts diagonally. This shows that
αY is the twist of XE by the trivial
Sn-torsor Y → X in the category of X-schemes, which implies αY ∼= XE .
(b) See the bottom of page 5 in [7]. 
Lemma 2.2. Let
1→ N → G→ H → 1
be an exact sequence of group schemes over F , and assume that G is special. Then
{BN} = {H}/{G}.
Proof. See [2, Proposition 2.9]. 
Lemma 2.3. Let T be an algebraic torus over F , and let T ′ be its dual. Assume
that T is stably rational. Then
(a) BT ′ is stably rational;
(b) {BT ′}{T } = 1 in K0(StacksF ).
Proof. Since T is stably rational, by [20, §4.7, Theorem 2] there is a short exact
sequence
(2.4) 1→ T1 → T2 → T → 1
where T1 and T2 are quasi-split (that is, of the form RA/F (Gm) for some e´tale
algebra A/F ). Since quasi-split tori are isomorphic to their dual, the sequence dual
to (2.4),
(2.5) 1→ T ′ → T2 → T1 → 1,
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shows that T ′ embeds in T2. We may view T2 as a maximal torus inside GLn, where
n = rankT2. This gives a faithful representation of T
′ with quotient birational to
T1. Since quasi-split tori are rational, it follows that BT
′ is stably rational.
Quasi-split tori are special, so we may apply Lemma 2.2 to (2.4) and (2.5). We
obtain {T } = {T2}/{T1} and {BT ′} = {T1}/{T2}, so {BT ′}{T } = 1. 
Lemma 2.6. Let E := F (
√
m) be a separable quadratic field extension, and let α
denote the class of E/F in H1(F,C2). Then:
(a) R
(1)
E/F (Gm)
∼= RE/F (Gm)/Gm.
(b) Let Gal(E/F ) act on P1 via z 7→ z−1. Then αP1 ∼= P1.
(c) RE/F (Gm)/Gm is rational and
{RE/F (Gm)/Gm} = {B(RE/F (Gm)/Gm)}−1 = L− {E}+ 1.
(d) {RE/F (Gm)} = {BRE/F (Gm)}−1 = (L− 1)(L− {E}+ 1).
(e) {RE/F (P1)} = L2 + {E}L+ 1.
Proof. (a) Both tori correspond to the unique non-trivial Gal(E/F )-lattice of rank
1. Here Gal(E/F ) ∼= C2.
(b) The C2-action on P
1 has a fixed point z = 1. Hence,
α
P1 has an F -point, so
it is P1.
(c) Let T := R
(1)
E/F (Gm)
∼= RE/F (Gm)/Gm. The open embedding Gm →֒ P1
as the complement of Z := {0,∞} is equivariant under the C2-action on Gm and
P1 given by z 7→ z−1. Twisting by α, we obtain by (b) an open embedding of T
in P1 as the complement of αZ. In particular, T is rational. By Lemma 2.1(a),
αZ ∼= SpecE, so
{T } = {P1} − {αZ} = L+ 1− {E}.
Now (c) follows from Lemma 2.3(b).
(d) The first equality holds because RE/F (Gm) is special. Consider the short
exact sequence
1→ Gm → RE/F (Gm)→ T → 1.
Since RE/F (Gm) is special, Lemma 2.2 yields
{RE/F (Gm)} = (L− 1){BT }−1,
thus (d) follows from (c).
(e) Write P1 = A1 ∪ {∞}, and consider the C2-equivariant decomposition
(P1)2 = (A1)2 ∐ (A1 × {∞} ∪ {∞} × A1) ∐ {(∞,∞)}.
By Hilbert 90 Theorem and Lemma 2.1(a), twisting the action by α gives
RE/F (P
1) = A2 ∐ A1E ∐ SpecF,
thus {RE/F (P1)} = L2 + {E}L+ 1. 
3. The classes of G and BG
Assume that there exists a separable biquadratic extension
K := F (
√
m1,
√
m2)
of F . As we shall see in the next section (see Lemma 4.1), K exists when F is
finitely generated over Q. Let
E1 := F (
√
m1), E2 := F (
√
m2), E12 := F (
√
m1m2), E := E1 × E2.
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We define the torus
G := R
(1)
E/F (Gm)
and let
G′ := RE/F (Gm)/Gm
be the dual torus of G. Let σ1 and σ2 be generators for Gal(K/F ) ∼= C22 such
that E1 = K
σ1 and E2 = K
σ2 . Consider the Gal(K/F )-action on G2m, where
σ1(u, v) = (v
−1, u−1) and σ2(u, v) = (v, u), and set
T :=
α
(G2m),
where α ∈ H1(F,C22 ) corresponds to the extension K/F .
Lemma 3.1. We have
{T } = L2 + ({E12} − {K})L+ 1.
Proof. The embedding of Gm in P
1 as the complement of Z := {0,∞} gives an
open embedding G2m →֒ (P1)2 such that the Gal(K/F )-action on G2m extends to
(P1)2. By definition
α
(P1)2 = ((P1)2 × SpecK)/Gal(K/F ),
where Gal(K/F ) = 〈σ1, σ2〉 acts diagonally. We first take the quotient by the
subgroup 〈σ1σ2〉. Since σ1σ2(u, v) = (u−1, v−1) and E12 = Kσ1σ2 , by Lemma 2.6(b)
α
(P1)2 = ((P1)2 × SpecE12)/C2,
where C2 acts on (P
1)2 by switching the two factors. Here we are using the fact
that every automorphism of (P1)2 must respect the ruling (because it respects
the intersection form), and so Aut((P1)2) = (Aut(P1))2 ⋊ C2, where C2 switches
the two factors. By Lemma 2.1(b) we deduce that
α
(P1)2 ∼= RE12/F (P1), so by
Lemma 2.6(e)
(3.2) {α(P1)2} = L2 + {E12}L+ 1.
We may partition (P1)2 \G2m in two strata
Z1 := Z × Z, Z2 := (Z ×Gm) ∐ (Gm × Z).
Both Z1 and Z2 have 4 connected components, and Gal(K/F ) acts on Z1 and
Z2 by transitively permuting the components as the Klein subgroup of S4. By
Lemma 2.1(a), αZ1 = SpecK and
αZ2 = Gm × SpecK. By (3.2)
{T } = {α(P1)2} − {αZ1} − {αZ2}
= L2 + {E12}L+ 1− {K} − {K}(L− 1)
= L2 + ({E12} − {K})L+ 1. 
We now give two short exact sequences involving G. Each of them is the starting
point for a different proof of Theorem 1.5(b).
Proposition 3.3. There are short exact sequences of tori
(3.4) 1→ Gm → G→ T → 1,
where T is a torus of rank 2, and
(3.5) 1→ R(1)E12/F (Gm)→ RK/F (Gm)→ G→ 1.
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Proof. Let M = Z4/Z be the character lattice of G. Following Kunyavskii [10, §3
Proposition 1 (b)], we will consider an exact sequence of Gal(K/F )-lattices
(3.6) 0→ P →M pi−→ Z→ 0.
The third term Z is the trivial Gal(K/F )-lattice of rank 1. The map π is defined by
π(a, b, c, d) = a+b−c−d, and P := Kerπ. A basis for P is given by v1 := (1, 0, 1, 0)
and v2 := (1, 0, 0, 1). In these coordinates, σ1(a, b) = (−b,−a) and σ2(a, b) = (b, a).
It is clear that P is the character lattice of T , so (3.4) follows.
Let N :=M∨. We may identify N with
N = {(a1, a2, a3, a4) ∈ Z4 :
∑
ai = 0}.
Under this identification, Gal(K/F ) = C22 acts on N by permuting the subscripts
of the coordinates as the subgroup 〈(12), (34)〉 of S4. We denote by ei the i-th
element of the standard basis of Z4. Let Q be the free Z-module generated by the
symbols e13, e23, e14, e24. We have a short exact sequence
(3.7) 0→ Z± ϕ−→ Q pi−→ N → 0
where π is defined by π(eij) = ei − ej and ϕ by ϕ(1) = e13 − e23 − e14 + e24. The
group C22 acts on Q by permuting the indices of the coordinates as the subgroup
〈(12), (34)〉 of S4, and the image of ϕ is stable under the action. The induced action
on Z± is the restriction to 〈(12), (34)〉 of the sign representation of S4. Notice that
Q ∼= Z[C22 ] is a permutation module, generated by e13. Dualization of (3.7) gives
0→M → Z[C22 ]→ Z± → 0.
The corresponding exact sequence of tori is (3.5). 
Proposition 3.8. (a) BG is stably rational.
(b) {BG}{G′} = 1 in K0(StacksF ).
Proof. Consider the sequence
(3.9) 1→ Gm → G′ → (RE1/F (Gm)/Gm)× (RE2/F (Gm)/Gm)→ 1,
which exhibits G′ as a Gm-torsor over a rational variety, by Lemma 2.6(c). Thus
G′ is rational, and now (a) and (b) follow from Lemma 2.3. 
Proposition 3.10. We have
(3.11) {G} = (L − 1)(L2 + ({E12} − {K})L+ 1)
and
(3.12) {BG}−1 = (L− 1)(L− {E1}+ 1)(L− {E2}+ 1)
in K0(StacksF ).
Proof. By (3.4), G is a Gm-torsor over T . Since Gm is special, {G} = (L− 1){T }.
The class of T was determined in Lemma 3.1.
By Proposition 3.8(b), {BG}−1 = {G′}. Since Gm is special, by (3.9), {G′} =
(L− 1){R(1)E1/F (Gm)}{R
(1)
E2/F
(Gm)}. Now (3.12) follows from Lemma 2.6(c). 
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4. Proof of Theorem 1.5
Lemma 4.1. Let F be a finitely generated field extension of Q. Then F admits
infinitely many distinct quadratic extensions.
Proof. Assume by contradiction that F admits at most finitely many distinct qua-
dratic extensions. Denote by Q the algebraic closure of Q, and let L := F ∩ Q be
the algebraic closure of Q in L. Then L also admits at most finitely many distinct
quadratic extensions. Since every subfield of F is also finitely generated over Q,
L is finitely generated; see [11, Chapter VIII, Exercise 4]. A finitely generated
algebraic extension is finite, so L is a number field. Denote by P the set of prime
integers. For every p ∈ P , the extension L(√p)/L is either trivial or quadratic.
By assumption all but finitely many of these must be trivial, so L({√p : p ∈ P})
is also a number field. This is absurd, because Q({√p : p ∈ P}) is contained in
L({√p : p ∈ P}), and by standard field theory [Q({√p : p ∈ P}) : Q] = +∞. Thus
F admits infinitely many quadratic extensions, as desired. 
Theorem 1.5(a) was proved in Proposition 3.8(a), so we will focus on Theo-
rem 1.5(b). Recall that by assumption F is finitely generated overQ. By Lemma 4.1,
there exists a biquadratic extension of F , so the assumptions of Section 3 hold. We
mantain the notations given at the beginning of Section 3.
First proof of Theorem 1.5(b). Consider G := R
(1)
E/F (Gm). We claim that G does
not satisfy (1.3). Assume on the contrary that it does. Then by Proposition 3.10
(L− 1)(L− {E1}+ 1)(L− {E2}+ 1) = (L− 1)(L2 + ({E12} − {K})L+ 1)
in K0(StacksF ). Since L− 1 is invertible in K0(StacksF ), this implies
L2 + (2 − {E1} − {E2})L+ (1− {E1})(1− {E2}) = L2 + ({E12} − {K})L+ 1,
that is
ϕ(L) := (2− {E1} − {E2} − {E12}+ {K})L+ {K} − {E1} − {E2} = 0.
Recall that K0(StacksF ) is the localization of K0(VarF ) at L and the cyclotomic
polynomials in L; see [6, Theorem 1.2]. It follows that ϕ(L)f(L) = 0 holds in
K0(VarF ), for some monic polynomial f(L) ∈ Z[L].
Since F is a finitely generated field extension of Q, the image of the ℓ-adic
cyclotomic character is infinite, so by [16, Lemma 4.3] the coefficients of ϕ(L)f(L)
must vanish in K0(VarF ). In particular, the leading coefficient must be zero, that
is,
(4.2) {K} − {E1} − {E2} − {E12}+ 2{F} = 0
in K0(VarF ). By [17, §3] motivic classes of distinct field extensions of F are linearly
independent in K0(VarF ), a contradiction. 
Second proof of Theorem 1.5(b). By (3.5), Lemma 2.2 and Lemma 2.6(c)
(4.3) {RK/F (Gm)} = {G}/{BR(1)E12/F (Gm)} = {G}(L− {E12}+ 1)
in K0(StacksF ). Assume that {BG} = {G}−1. Then, combining (3.12) and (4.3),
(4.4) {RK/F (Gm)} = (L− 1)(L− {E1}+ 1)(L− {E2}+ 1)(L− {E12}+ 1).
By [17, (1.1)],
{RK/F (Gm)} = L4 + a1L3 + a2L2 + a3L+ a4
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for some integer combinations of classes of spectra of e´tale algebras ai. More pre-
cisely, there is a λ-ring structure on K0(VarF ), and ai = (−1)iλi({K}); see [17, §2].
In any λ-ring λ1(x) = x, so a1 = −{K}. Both sides of (4.4) are thus monic poly-
nomials of degree 4 in L. We subtract L4 from both sides of (4.4), and denote by
ϕ1(L) and ϕ2(L) the left and the right hand side of the new equation, respectively.
They are cubic polynomials in L with leading coefficients
−{K}, 2− {E1} − {E2} − {E12},
respectively. Since F is a finitely generated field extension of Q, the image of the
ℓ-adic cyclotomic character is infinite, so by [16, Lemma 4.3] the coefficients of
ϕ1(L)f(L) and ϕ2(L)f(L) must agree in K0(VarF ). In particular, their leading
coefficients must coincide. In other words, (4.2) holds, and we once again obtain a
contradicition, as in the first proof. 
Remark 4.5. By [20, §4.9 Example 7] every torus of rank 2 is rational, so by (3.4) G
is rational. By Lemma 2.3, BG′ is stably rational and {BG′} = {G}−1. By Proposi-
tion 3.8(b) {BG} = {G′}−1, so {BG′}{G′} = {BG}−1{G}−1. Since {BG}{G} 6= 1,
the conclusions of Theorem 1.5(a) and (b) hold for G′ as well.
5. Proof of Theorem 1.6
We keep the notation of the previous section.
Proposition 5.1. Let m ≥ 1 be an integer, and let A be the 2m-torsion subgroup
of G′. Then BA is stably rational and {BA} = {BG}−1{G}−1.
Proof. We identify Gal(K/F ) with the subgroup 〈(12), (34)〉 ∼= C22 of S4 in such a
way that σ1 corresponds to (12) and σ2 to (34). Let
M := {x ∈ Z4 : x1 + x2 + x3 + x4 = 0}
be the character lattice of RE/F (Gm)/Gm. We have a surjection ϕ : P → M ,
where P ∼= Z[〈(12), (34)〉] has a basis given by e13, e23, e14, e24, 〈(12), (34)〉 acts on
the eij by permuting the indices, and ϕ(eij) := ei − ej. Let N be the kernel of
P →M →M/nM , so that the sequence
(5.2) 0→ N → P →M/nM → 0
is exact. It corresponds to a short exact sequence
(5.3) 1→ A→ RK/F (Gm)→ S → 1
for some torus S whose character lattice is N . By Lemma 2.2
{BA} = {S}/{RK/F (Gm)}
The lattice N has a basis given by
v13 := ne13, v23 := ne23, v14 := ne14, v := e13 − e23 − e14 + e24.
We have an exact sequence
0→ N ′ → N pi−→ Z→ 0
where Z is the trivial lattice of rank 1, π(av13 + bv23 + cv14 + dv) = a+ b+ c, and
N ′ := Kerπ. The corresponding exact sequence of tori is
1→ Gm → S → S′ → 1
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where S′ is a torus having N ′ as character lattice. Since Gm is special, we deduce
that S is birational to S′ ×Gm. Moreover, {S} = (L− 1){S′}, so
(5.4) {BA} = (L− 1){S′}/{RK/F (Gm)}.
A basis for N ′ is given by
v, v13 − v23, v13 − v14.
With respect to this basis, the action of (12) and (34) is given by the matrices
(5.5) ρ(12) :=


−1 0 2m
0 −1 0
0 0 1

 , ρ(34) :=


−1 2m 0
0 1 0
0 0 −1

 .
Let
τ :=


1 m m
0 1 0
0 0 1

 , τ−1 =


1 −m −m
0 1 0
0 0 1

 .
Then
(5.6) τ−1ρ(12)τ =


−1 0 0
0 −1 0
0 0 1

 , τ−1ρ(34)τ =


−1 0 0
0 1 0
0 0 −1

 .
This shows that S′ ∼= R(1)E1/F (Gm)×R
(1)
E2/F
(Gm)×R(1)E12/F (Gm), so by Lemma 2.6(c)
we deduce that S′ is rational and
(5.7) {S′} = (L− {E1}+ 1)(L− {E2}+ 1)(L− {E12}+ 1).
Since S is birational to S′ ×Gm, S is also rational, so by (5.3) we obtain that BA
is stably rational. Moreover, by (5.4) and (5.7)
{BA} = (L− 1)(L− {E1}+ 1)(L− {E2}+ 1)(L− {E12}+ 1)/{RK/F (Gm)}.
Using (3.5) and (3.11), we conclude that {BA} = {BG}−1{G}−1. 
Proof of Theorem 1.6. Let m ≥ 1 be an integer, and let A be the 2m-torsion sub-
group of G′. By Proposition 5.1, BA is stably rational and {BA} = {BG}−1{G}−1
in K0(StacksF ). By assumption, F is finitely generated over Q, so we may apply
Theorem 1.5. Thus {BG} 6= {G}−1, and {BA} 6= 1. 
Remark 5.8. Let L/F be an e´tale algebra, and let A be the n-torsion subgroup of
RL/F (Gm). We have a short exact sequence
1→ A→ RL/F (Gm)→ RL/F (Gm)→ 1
given by the n-th power map. Since RL/F (Gm) is special, by [2, Proposition 2.9]
{BA} = {RL/F (Gm)}/{RL/F (Gm)} = 1.
Let now A′ be the n-torsion subgroup of R
(1)
L/F (Gm). The embedding of R
(1)
L/F (Gm)
in RL/F (Gm) gives a short exact sequence
1→ A′ → RL/F (Gm)→ T → 1
for some torus T . Since RL/F (Gm) is special, by [2, Proposition 2.9]
{BA′} = {T }/{RL/F (Gm)}.
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The image of the composition Gm →֒ RL/F (Gm)→ T is a subtorus of T isomorphic
to Gm, and we have an exact sequence
1→ Gm → T → RL/F (Gm)/Gm → 1.
Therefore {T } = {Gm}{RL/F (Gm)/Gm} = {RL/F (Gm)}. Thus {BA′} = 1.
By taking L = E, we see that the formula {BG}{G} = 1 fails for G (see
Theorem 1.5), while the formula {BA′} = 1 holds for every torsion subgroup A′ =
G[n] of G.
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